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Abstract 

We study the functorially finite maximal rigid subcategories in 2-CY triangulated cate- 
gories and their endomorphism algebras. Cluster tilting subcategories are obviously functo- 
rially finite and maximal rigid; we prove that the converse is true if the 2-CY triangulated 
categories admit a cluster tilting subcategory. As a generalization of a result of [KR], we 
prove that any functorially finite maximal rigid subcategory is Gorenstein with Gorenstein 
dimension at most 1 . Similar as cluster tilting subcategory, one can mutate maximal rigid 
subcategories at any indecomposable object. If two maximal rigid objects are reachable via 
mutations, then their endomorphism algebras have the same representation type. 
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1 Introduction 

In the categorification theory of cluster algebras [FZ], cluster categories [BMRRT, Kl, Am], 
(stable) module categories over preprojective algebras [GLS1, GLS2, BIRS], and more general 
2-Calabi-Yau triangulated categories with cluster tilting objects [FuKe, Pal] play a central role. 
We refer the reader to the nice surveys [GLS, K2, BM, Rin] and the references there for the recent 
developments. 

Cluster tilting objects (subcategories) in 2-CY categories have many nice properties. For exam- 
ples, the endomorphism algebras are Gorenstein algebras of dimension at most 1 [KR]; cluster 
tilting objects have the same number of non-isomorphic indecomposable direct summands [DK, 
Pa2]. Importantly, in the categorification of cluster algebras, cluster tilting objects categorify 
clusters of the corresponding cluster algebras, and the combinatorics structure of cluster tilting 
objects is the same as the combinatorics structure of the corresponding cluster algebras [CC, CK]. 

Cluster tilting objects (subcategories) are maximal rigid objects (subcategories), the converse is 
not true in general. The first examples of 2-Calabi-Yau categories in which maximal rigid objects 
are not cluster tilting were given in [BIKR] (see also the example in Section 5 of [KZ] for the 
example of triangulated category in which maximal objects are not cluster tilting). Cluster tubes 
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introduced in [BKL] serves as another type of such examples. It was proved recently by Buan- 
Marsh-Vatne in [BMV] that cluster tubes contain maximal rigid objects, none of them are cluster 
tilting. Buan-Marsh-Vatne also proved that the set of maximal rigid objects in 2-CY triangulated 
categories forms cluster structure satisfying the definition in [BIRS] by allowing loops, and the 
combinatorial structure of maximal rigid objects in a cluster tube models the combinatorics of a 
type B cluster algebra. In [V, Y], the authors studied the endomorphism algebras of maximal rigid 
objects in cluster tubes, in particular, they proved that the endomorphism algebras are Gorenstein 
of Gorenstein dimension at most 1. 

The aim of this paper is to give a systematic study of functorially finite maximal rigid subcat- 
egories in 2-CY triangulated categories and endomorphism algebras of maximal rigid objects. 
For any functorially finite maximal rigid subcategory % in a 2-CY triangulated category C, one 
considers the extension subcategory H * ^[1] (compare [Pla]). It is not equal to C. Note that 
under the condition that K is cluster tilting, we have C = 7?*7?[1] [KR]. We observe that any rigid 
object belongs to K * *R[l]. Using this fact, we prove that if a 2-CY triangulated category con- 
tains a cluster tilting subcategory, then any functorially finite maximal rigid subcategory is cluster 
tilting. This generalizes Theorem II. 1.8 in [BIRS] from algebraic 2-CY triangulated categories 
to arbitrary 2-CY triangulated categories. Then we consider 2-CY triangulated categories with 
maximal rigid subcategories. It is proved that some results in [DK, Pa] also hold in this setting. 
Namely, we prove that the representatives of isomorphic classes of indecomposable objects of 
a functorially finite maximal rigid subcategory form a basis in the split Grothendieck group of 
another functorially finite maximal rigid subcategory. In particular, maximal rigid objects have 
the same number of non-isomorphism indecomposable direct summands. Using a recent result of 
Nakaoka [Na], we prove that functorially finite maximal rigid subcategories in 2-CY triangulated 
categories are Gorenstein of dimension at most 1 . This is a generalization of the same results in 
cluster tubes [V, Y]. And it also generalizes the same results on cluster tilting subcategories of 
[KR] to functorially finite maximal rigid subcategories. Finally, we study the endomorphism al- 
gebras of maximal rigid objects in 2-CY triangulated categories. We call such algebras 2-CY 
maximal tilted algebras. If two maximal rigid objects are reachable via simple mutations, then 
the corresponding 2-CY maximal tilted algebras have the same representation type. 

The paper is organized as follows. 

In Section 2, we prove that the functorially finite maximal rigid subcategories are cluster tilt- 
ing in 2-CY triangulated categories with a cluster tilting subcategory. In Section 3, the notion 
of index of a rigid object with respect to a cluster tilting subcategory is generalized by replac- 
ing cluster tilting subcategory with functorially finite maximal rigid subcategory with respect to 
maximal rigid subcategory (compare [Pla]). The representatives of isomorphism classes of in- 
decomposable objects of a functorially finite maximal rigid subcategory form a basis in the split 
Grothendieck group of another functorially finite maximal rigid subcategory. As a direct con- 
sequence, the numbers of indecomposable direct summands of functorially finite maximal rigid 
objects are the same. In the last section, we prove that any functorially finite maximal rigid sub- 
category is Gorenstein of dimension at most 1 . Finally, for two reachable maximal rigid objects, 
the corresponding endomorphism algebras have same representation type. 
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2 Relations between cluster-tilting subcategories and maximal rigid 
subcategories 

Throughout this paper, k denotes an algebraically closed field and C denotes a ^-linear trian- 
gulated category whose shift functor is denoted by [1]. We assume that C is Horn-finite and 
Krull-Remak-Schmidt, i.e. dini£Hom(X, Y) < oo for any two objects X and Y in C, and every ob- 
ject can be written in a unique way (up to isomorphism) as a finite direct sum of indecomposable 
objects. For basic references on representation theory of algebras and triangulated categories, we 
refer [H]. 

For X,Y eC and n € Z, we put 

Ext n (X, Y) = Hom(X, Y[n]). 

For a subcategory T, we mean that T is a full subcategory which is closed under taking isomor- 
phisms. T 1 - denotes the subcategory consisting of Y e C with Hom(r, Y) = for any T e T, 
and ± T denotes the subcategory consisting of Y e C with Hom(T, T) - for any T e T. For 
an object T e C, addT denotes the subcategory consisting of direct summands of direct sums of 
finite copies of T. 

For two subcategories SC , <& , we denote Ext x (^", $0 = if Ext 1 ^, Y) = for anyleifje 
SC * & denotes the extension category of SC by whose objects are by definition the 
objects E with triangle X —> E —> Y — > where X e X , Y e By the octahedral axiom, 
we have (JT * 00 * Z = SC * (& * Z). We call extension closed if * = SC. 

For X e C, a morphism / : T — » X is called right 7~- approximation of X if Hom(-,/)|7~ is 
surjective. If any object X e C has a right "/"-approximation, we call T contravariantly finite 
in C. Left T- approximation and covariantly finiteness are defined dually. We say that T is 
functorially finite if it is both covariantly finite and contravariantly finite. It is easy to see that 
addr is functorially finite for any object T e C. 

A triangulated category C is called 2-CY provided that there are bifunctorial isomorphisms 

Ext\x,Y) = DExt\Y,X) 
for X, Y £ C, where D - Hom,t(-, k) is the duality of ^-spaces. 

An exact category is called stably 2-CY [BIRS] if it is Frobenius, that is, it has enough projectives 
and injectives, which coincide, and the stable category is 2-CY triangulated. If a triangulated 
category is triangulated equivalent to the stable category of a stably 2-CY exact category, then 
we call it algebraic 2-CY triangulated category [K3]. 

Examples of stably 2-CY categories are the categories of Cohen-Macaulay modules over an iso- 
lated hypersurface singularity [BIKR]; the module categories of preprojective algebras of Dynkin 
quivers [GLS]. Basic examples of 2-CY triangulated categories are the cluster categories of 
abelian hereditary categories with tilting objects [BMRRT, Kel]; the generalized cluster cate- 
gories of algebras with global dimension of at most 2 [Am] ; the stable categories of stably 2-CY 
categories [BIRS] and cluster tubes [BKL, BMV]. 

We recall some basic notions [BMRRT, II, KR, GLS1, BIRS]. 
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Definition 2.1. Let T be a subcategory of C which is closed under taking direct summands and 
finite direct sums. 

1. T is called rigid provided Ext l (7~, T) - 0. 

2. T is called maximal rigid provided T is rigid and is maximal with respect to this property, 
i.e. if Ext 1 (T \J addM, T [j addM) = 0, then M e T. 

3. T is called cluster-tilting provided 7" is functorially finite and T - ~ L 7~[1]. 

4. An object T is called rigid, maximal rigid, or cluster tilting ifaddT is rigid, maximal rigid, 
or cluster tilting respectively. 

Remark 2.2. 1. Any 2—CY triangulated category C admits rigid subcategories (0 is viewed 
as a trivial rigid object), and also admits maximal rigid subcategories if C is skeletally 
small. 

2. There are 2-CY triangulated categories which contains no cluster tilting subcategories 
[BIKR, BMV]. 

3. Cluster tilting subcategories are functorially maximal rigid subcategories. But the converse 
is not true in general. It was observed by Buan-Marsh-Vatne [BIKR, BMV] that the cluster 
tubes contain maximal rigid objects, none of them are cluster tilting objects. 

If C admits a cluster-tilting subcategory T, we know that C - T * T[l], i.e. for any object X in 
C there is a triangle T\ — » To — > X — > T\[\] with T, e T, i - 1,2 [KR, KZ]. In fact, the converse 
is true. 

Remark 2.3. If C = T * 7~[1] with T a rigid subcategory of C, then T is a cluster-tilting 
subcategory. 

Proof. Clearly, T is functorially finite. Given an object X in C with E\t l (X,T) - 0, there is a 
triangle T\ —> To — > X — > T\[\]. Then this triangle splits. Hence X e T. This proves that T is 
cluster-tilting. 

□ 

In general, for a maximal rigid subcategory H, *R* ^[1] is smaller than C, but all rigid objects 
belong toK*K[\] [BIRS]. The following lemma was proved for Preprojective algebras in [BMR, 
GLS1], it holds for any 2-CY triangulated category. 

Lemma 2.4. Let "Rbe a contravariantly finite maximal rigid subcategory in a 2—CY triangulated 

f g h 

category C. For any rigid object X e C, if Y — > Ro — > X — > Y[l] is a triangle such that Ro € % 
and g is a right %- approximation ofX, then FeK. Furthermore, there is a left %- approximation 

fi:X—* R2, which extends a triangle X -> R2 ^> R3 -» X[l] with /?3 e K. 

Proof. Since g is a right ^-approximation of X and Ext J (/?,/?o) = f° r an y objects R in K, we 
have that Ext 1 (7?, addF) = 0, in particular, we have Ext^o, Y) = 0. 

f g h 

By applying Hom(-,X) and Hom(y, -) to the triangle Y — » Ro — > X — > Y[l] we have two exact 
sequences: 



4 



Hom(/? , X) — » Hom(y, X) — » Ext 1 (X, X) = 

and 

Hom(y,/? ) — * Hom(F,X) — > Ext 1 (7, F)— ^Ext^/to) - 0. 

Let a be an element of Hom(T, X). By the first exact sequence there is a/3 € Hom(/?o> X) such that 
a = Pf. Since g is a right "^-approximation of X, there is a y e Hom(/?o,^o) such that /? = gy. 
Then o- = gy/. This shows that Hom(F, g) is surjective. Hence Ext 1 (Y, Y) - by the second exact 
sequence. It follows that Y € R. 

fi gi 

For the second part, we apply the first part to the rigid object X[l]. There is a triangle /?3 — > R4 — > 

X[l] ^> /?4[1]. Then we have a triangle X ^ 1] R4 — > 7?3 — > X[l]. It is easy to see -&i[-l] is a 
left ^-approximation of X. 

□ 

There is a dual statement for covariantly finite maximal rigid subcategory R, we leave it to the 
reader. 

By Lemma 2.1, we have result which is the second part of Proposition 1.1.7 in [BIRS]. 

Corollary 2.5. Let R be a functorially finite maximal rigid subcategory. Then every rigid object 
belongs to R * R[l]. 

One can see that any cluster-tilting subcategory is maximal rigid, but the converse is not true 
[BIKR, BMV]. The main result of this section is the following theorem which tells us that the 
cluster-tilting and maximal rigid can not really coexist. This is a generalization of Theorem II. 1.8 
in [BIRS], where the same conclusion was proved for algebraic 2-CY triangulated categories. 

Theorem 2.6. IfC admits a cluster-tilting subcategory T, then every functorially finite maximal 
rigid subcategory is cluster -tilting. 

Proof. Assume that R is a functorially finite maximal rigid subcategory in C. Given an object 
X e C satisfying Ext^addX'R) = 0, we have a triangle 

T x -Utq-Ux-^>T x [Y\ 

where To and Ti belong to T. Since R is functorially finite in C, there is a left ^-approximation 
of To which extends to a triangle by Lemma 2.4, 

tfo[-l]— >7b R^Ro, 

where R,R e R. 

f g 

Let a\ = af. For any object Z in R, by applying Hom(-,Z) to the triangle T\ — > To — > X — > 
T\[l], we have the exact sequence 

Hom(/,z) , 
Hom(r , Z) — -> Hom(r! , Z) — » Ext 1 (X, Z) = 0. 

Given an element ip\ e Hom(ri,Z), there is a ipo e Hom(7o,Z) such that tp\ = cpof. Since or is a 
left ^-approximation of To, there is a (A such that ipo = 4> a - Then ip\ = \j/af - if/a\. So a\ is a 
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left ^-approximation of T\. It follows from Lemma 2.4 that the triangle which a\ is a part is of 
the form: 



*i[-l]— »Ti /?—»/?!, 

where R,R { e R. 

Starting with ct\ - af, we get the following commutative diagram by the octahedral axiom: 

X[-\] -- 
i 

Rd-l] - 

i 

R [-l] - 

i 
X 

But Hom(Ro[-\],X) = Ext l (Ro,X) = 0, so the first column is a split triangle and then X € <R. 
Thus we have proved this theorem. 

□ 

Remark 2.7. The same conclusion is not true in arbitrary triangulated categories. See the exam- 
ple in Section 2 in [BMRRT], where the derived category of the quiver Q : 1 — > 2 — > 3 contains 
a functorially finite maximal rigid subcategory which is not cluster tilting. It is well-known that 
the derived category of Q contains cluster tilting subcategories, see for example the example in 
Section 5 of [KZ], or [12]. 



X[-l] 






i 






Ti 


^ R - 


-> Ri 


if 


II 


i 


To 


R - 




i g 






X 







3 Mutations and basis of Grothendieck groups of maximal rigid 
subcategories 

Mutations in arbitrary triangulated categories were defined in [IY]. We recall them in the setting 
of 2-CY triangulated categories. 

Let C be a 2-CY triangulated category and a functorially finite rigid subcategory of C which 
is closed under taking finite direct sums and direct summands. For any subcategory JT D D, put 

H~ l (36, D) := (£> * ST [I]) n ± (£)[1]). 

Dually, for a subcategory f dS, put 

D) := (^[-1] * D) n (£>[-l]) x . 

Definition 3.1. The pair (36 of subcategories 36 ' , & is called D-mutation pair if 36 = 
H(&, D) and & = n~ l (36, D) [IY]. 

It is not difficult to see that: for subcategories 36, <3f containing D, (36, <3f) forms a D-mutation 
if and only if for any X e 36, Y\ € <3f there are two triangles: 

X^D^ Y^>X[l], 
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where D, Di e D, 7 e & , X\ e 36 ', f and f\ are left D-approximations; g and gi are right 
^-approximations. 

The following result is analogous to the first part of Theorem 5.1 in [IY], where the arguments 
are stated for cluster tilting subcategories. We give a proof here for the convenience of the reader. 

Proposition 3.2. Let ft be a functorially finite maximal rigid subcategory containing Das a sub- 
category. Then its mutation ft' - fi~ l (^~,D) is a functorially finite maximal rigid subcategory, 
and (ft, ft') is a D-mutation pair. 

Proof. Let Z. = """^[l] = Df-l] -1 , and % := -Z7D the quotient triangulated category, whose 
shift functor is denoted by < 1 > [IY]. The images of the object X and the subcategory X in the 
quotient are denoted by X and respectively. 

We first sketch the proof of the fact is a functorially finite maximal rigid subcategory in C if 
and only if so is in %f . 

It is easy to see that X is functorially finite if and only if is so. 

We will prove that 2£_ is maximal rigid in ^ provided is maximal rigid in C. 

Let M e ^ satisfy that Hom(M,X < 1 >) = 0,Hom(X,M < 1 >) = 0,Hom(M,M < 1 >) = 0, 

for any X e 3£_. For X e 36 , we have a triangle 

X —> D —> X <l X[l]. 

Now suppose that a e Hom(M, X[\]). Since Hom(M, D[l]) = 0, a factors through h by f3 : M — > 
X < 1 >. Since Hom(M,X < 1 >) = in fy, we have that f3 factors through g. Then a = 0. 
This proves that Hom(M, X[l]) = 0. One can prove that Hom(X[l], M) = 0, Hom(M, M[l]) = 
in a similar way. Then f%_ is maximal rigid in % . The converse implication can be proved in a 
similar way. We omit the details here. 

It follows from the fact (ft, 7?') is a D-mutation in C that (ft,ft0 is a 0-mutation in % . Then 
ft^ = ft< 1 >in^, and then B!_ is maximal rigid in % . It follows that ft' is maximal rigid in C. 

□ 

We call a subcategory fti an almost complete maximal rigid subcategory if there is an indecom- 
posable object R which is not isomorphic to any object in fti such that ft = add(fti IJW) i s a 
functorially finite maximal rigid subcategory in C. Such R is called a complement of an almost 
complete maximal rigid subcategory fti . It is easy to see that any almost complete maximal rigid 
subcategory is functorially finite. Combining the proposition above with Corollary 2.5, we have 
the following corollary, which was indicated in [BIRS]. 

Corollary 3.3. Let fti be an almost complete maximal rigid subcategory of C. Then there are 
exactly two complements of Hi, say R andR*. Denote byH = add{K\ \J{R}), ft' = add(?R\ \}{R*\). 
Then (ft, ft'), (ft', ft) are fti -mutations. 

Proof. This follows from [IY, 5.3]. Note that the arguments there are stated only for cluster tilting 
subcategories, but work also for functorially finite maximal rigid subcategories with the help of 
Corollary 2.5. 

□ 
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Definition 3.4. Let R\ be an almost complete maximal rigid subcategory of C with the comple- 
ments R andR*. Denote R = add(R x \J{R}), R! = add(R x {}{R*\). If dim k Hom(R, R*[\]) = 1, 
then the mutation (R, R') is called a simple mutation [Pla]. 

There are mutations of some maximal rigid objects in cluster tubes which are not simple [Y]. It 
was proved in [Pla] that for a simple mutation of maximal rigid subcategories R, R', R * R[\] = 
R'*R'[l]. 

Let R be a functorially maximal rigid subcategory of 2-CY triangulated category C. Let K^ pl "(R) 
be the (split) Grothendieck group, which by definition, the free abelian group with a basis [R], 
where R runs from the representatives of isomorphism classes of indecomposable objects in R. 
Let X be a rigid object of C. By the corollary 2.5 above, there is a triangle R\ — > Rq — > X — > 
Ri[l]. So we can define the index ind K (X) - [R ] - [R\] € K split (R) as in [Pa, DK, Pla]. 

Proposition 3.5. Let R be a functorially finite maximal rigid subcategory. 

(1) IfX and Y are rigid objects in C such that ind%{X) = indn(Y), then X and Y are isomorphic. 

(2) Let X be a rigid object of C and let X{,i e /, be a finite family of pairwise nonisomorphic 
indecomposable direct summands ofX. Then the elements ind<R(X), i e /, are linearly independent 
in K splU {R). 

Proof. All conclusions follow from Sections 2.1, 2.2, 2.3, 2.5 in [DK]. Note that the arguments 
there are stated only for cluster-tilting subcategories, but work also for functorially finite maximal 
rigid subcategories by the Corollary 2.5 above. 

□ 

Theorem 3.6. Let R' be another functorially finite maximal rigid subcategory in C. Then the 
elements ind<R(R'), where R' runs through a system of representatives of the isomorphism classes 
of indecompo sables of R' , form a basis of the free abelian group 

Proof. The proof of Theorem 2.4 in [DK, 2.6] works also in this setting. 

□ 

Corollary 3.7. 1. The category C has a maximal rigid object if and only if all functorially 
maximal rigid subcategories have a finite number of pairwise non-isomorphic indecom- 
posable objects. 

2. All maximal rigid objects have the same number of indecomposable direct summands (up 
to isomorphism). 

4 Gorenstein property of maximal rigid subcategories 

Let R be a functorially finite maximal rigid subcategory of C and the quotient category of 
D = R[-l] * R by R. Let modR denote the category of finitely presented ^-modules where a 
■^-module means a contravariantly functor from R to the category of ^-vector spaces. We know 
that J{ is an abelian category whose abelian structure is induced by the triangulated structure of 
C and there is an equivalence F : J{ — > moAR [IY]. As in section 2, we put 

R ± := {X e C \ Hom(R, X) = 0} and L R := {X e C | Hom(X, R) = 0}. 
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By 2-CY property of C, ±f R[\] = ^[-l]" 1 , which is denoted by S. Clearly, both (<R, S) and (S, <R) 
are cotorsion pairs in the sense in [N] (equivalently, (7?,«S[1]) and (S[-\],K) are torsion pairs in 
the sense in [IY]). 

For the convenience of the reader we recall briefly the abelian structure of from [N]. Let 

/ e Horn^X, Y) with X, Y e D and / e Hom c (X, Y) where / is a part of the triangle Z[-l] A 

/ g 

X — > F — > Z. Let /i : I -> /?o be a left ^-approximation of X which extends to a triangle 

/ 

1] — * X — > /?o — » Then /?i e ^ by Lemma 2.4. We have the following commutative 
diagram which is constructed from the octahedral axiom: 

Z[-l] = Z[-l] 

1 A J. 

*i[-l] — > X — > /Jo — » /?i 

II if i II (*). 

nit 

Rii-i] — » y — -> M/ — > /?i 

Z = Z 

The map m/ is the cokernel of/[N] (note that M/ e - - 



The kernel of / is obtained similarly. Since {K, S[\]) is a torsion pair, we have a triangle S' Q — > 
R' — > F — > 5 Q [1], where R' e K and S e <S. Using the octahedral axiom, we have the first 
diagram of the following two commutative diagrams. Since CR[-l],S) is a torsion pair, we have 

a triangle — > Lf — > 5 —> R with R e'R and 5 e <S. Since 5[1]) is also a torsion pair, we 

have another triangle S' R — > 5 — » S'[l] with R' e'R and 5" e <S. Using the octahedral axiom, 
we have the second diagram of the following two commutative diagrams: 

Z[-l] = Z[-l] 

i ih 

S' Q -» L, X X -» 5 [1] 

II i i/ II (**) 

*o -» *o > ^ > S' [l] 

i ig 

z = z 

and 



J. i 

R[-l] K L ^ R' ^ R 

II ih i || (***). 

R[-\] L/ — > 5 — > 



Jl J. 
- S'[l] 



The composition Zyfez. is the kernel of /. 
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Remark 4.1. [N, Remark 4.5]For any X e ft[-l] * ft and any y e Homcj<R{X, Lf), there exists a 
unique morphism x € Hom^(X, K£) such that y = k^x. 



Thus Kl is determined uniquely up to a canonical isomorphism in jR. 

The following lemma is a suitable version of Proposition 6.1 in [N] in our setting. We include a 
proof for the convenience of the reader. 

h f g 

Lemma 4.2. Let f : X — > Y be a morphism in C which extends a triangle Z[— 1] — > X — > Y — > Z. 
Then f is an epimorphism if and only if Mf £ ft; f is a monomorphism if and only if hp 6 S. 
In particular, ifZ is in ft, then f is an epimorphism; ifZ[-l] is in S, then f is a monomorphism. 

Proof. (1) / : X —> Y is an epimorphism in 9\ if and only if My = in 3K, i.e. My e ft. 

(2) / : X — > Y is a monomorphism in 3\ if and only if Kl = in Jl, i.e. Kl e ft. We claim that 
K L i ft if and only if L F e S. If ^ L e % then <^> - by Hom(ft[-l], ft) = 0. So $ = k L <p = 0, 
and hence Lp e S. If e S, then ifr = 0. So = that implies that ki factors through R' . 
Then ki = 0, and then K L eKby Remark 4.1. 

(3) If Z is in "R, then the third column in (*) is a splitting triangle. So My e R. Dually, if Z[-l] is 
in S, then the second column in (**) is a splitting triangle. So Ly e S. 



Now we determine the projective objects and injective objects in J{. 

Proposition 4.3. An object M of ' !ft is a projective object if and only if M e An object N 

of J{ is an injective object if and only ifN £ R\l]. 

Proof. (l)Given R e R. For any epimorphism / : X — > Y in Jl, and any morphism a : R[—l] — > 
Y, m/a - by My e R and Hom(ft[-l], R) = 0. So ga = 0. Then a factors through /, hence a 
factors through /. This proves that /?[-l] is projective in J{. 

Conversely assume M is a projective object in 3K. Since M e ft[-l] * R, there is a triangle 
R Q [-\] -» M -» Ri -» Rq with R ,Ri e R. Then <x is an epimorphism in 3\ by Lemma 4.2. So 
the epimorphism cr : fto[-l] — » M splits. Hence M e ft[-l]. 
(2)Note that R[l] e ft[-l] * ft, for all /? e ft, by Corollary 2.5. 

Given R eR. For any monomorphism f:X^>YinJ{, and any morphism >/?[l],j8/y = 

by Ly £ 5. So ph - 0. Then factors through /, hence ft factors through /. This proves that R[l] 
is injective in 3K. 

Conversely assume M is an injective object in tA. Since M e C = S * ft[l], there is a triangle 
S — » M — » /?[1] — > 5 [1] with R eR and S e5. Then t is a monomorphism in J?l by Lemma 4.2. 
So t splits, hence M £ ft[l]. 



The main result in this section is the following theorem which is a generalization of Proposition 
2.1 in [KR], Theorem 4.3 in [KZ]. This has been proved in [V, Y] for C being cluster tubes. 



K L 




□ 



□ 
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Theorem 4.4. Let C be a 2-Calabi-Yau triangulated category with a functorially finite maximal 
rigid subcategory K and let tft be the abelian quotient category ofR[— 1] * < Rby'R. Then 

(1) The abelian category has enough projective objects. 

(2) The abelian category R. has enough injective objects. 

(3) The abelian category R. is Gorenstein of Gorenstein dimension at most one. 

Proof. (1) Given X e * R. There is a triangle /?i[-l] -> R Q [-1] ^ X -» Rx with 

Ro,Ri e K. Then / : /?ot _ l] —* X is an epimorphism with /?o[-l] a projective object. 

(2) Given X e * R. Since X e C = S * There is a triangle S -» X i» -» 5 [1] 
with /? e ft and 5 e 5. Then g : X — » /?[1] is a monomorphism with /?[1] an injective object. 

(3) For an injective object R[\] in 3K, since R[l] e ft[-l] * ft, then there is a triangle /?i[-l] —* 

f 

^o[-l] — * R\X\ —> Ri with Rq,R\ e 'R. Then / is an epimorphism by Lemma 4.2 and h 

~ h 
is the kernel of / by the structure of kernel. So we have an exact sequence — > /?i[-l] — > 

I 

^o[~l] — > RW — » which is a projective resolution of the injective object R[l] in 3\. Therefore 
proj.dimi?[l] < 1. 

For a projective object R[-l] in J\, since R[-l] e K * <R[\] by Corollary 2.5, there is a triangle 

f g 

Rq — > — > /?i[l] — > /?o[l] with Rq,Ri e Then / is a monomorphism in by Lemma 
4.1 and g is the cokernel of / by the structure of cokernel. So we have an exact sequence — > 

I I 

R[-l] — > Ri[l] — > /?o[l] which is a injective resolution of the projective object R[-l] in 3\. 
Therefore inj.dim./?[-l] < 1. 

Therefore is Gorenstein of Gorenstein dimension at most one. 

□ 

As in [KZ], we have the following corollary. 

Corollary 4.5. Let Cbea 2-Calabi-Yau triangulated category and K a functorially finite maximal 
rigid subcategory. Then 9\ is a Frobenius category if and only if% = ^[2]. 

Proof. Jl is Frobenius if and only if the sets of projective objects or of injective objects of Jl 
coincide, i.e. - if and only if R = ft [2]. 

□ 

In the last part of this section, we assume that the 2-CY triangulated category C admits a maximal 
rigid object. It follows from Corollary 3.7 that all maximal rigid subcategories are of form add/?, 
where R is a maximal rigid object. The numbers of indecomposable direct summands of all basic 
maximal rigid objects are the same. Two maximal rigid objects are called reachable via simple 
mutations if one of them can be obtained from another by finite steps of simple mutations. 

Definition 4.6. Let R be a maximal rigid object in C. The endomorphism algebra of R is called 
a 2-CY maximal tilted algebra. 

The 2-CY tilted algebras [BIRS] which by definition the endomorphism algebras of cluster tilting 
objects in a 2-CY triangulated category are a special case of 2-CY maximal tilted algebra. 
The converse is not true in general since the 2-CY maximal tilted algebras may contains loops 
[BIKR][BRV]. 

Now we collect the representation theoretic properties of 2-CY maximal tilted algebras. 
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Proposition 4.7. 1. 2- CY maximal tilted algebras are Gorenstein algebras of dimension at 
most 1. 



2. Let R and R' form a simple mutation pair. Then EndR and EndR' are nearly Morita equiv- 
alent, i.e. mod R/addSj « mod R'/addS' r 

3. If R and R' are reachable via simple mutations, then EndR and EndR' have the same rep- 
resentation type. 

Proof. 1. This is direct consequence of Theorem 4.4. 

2. This was proved in [Y]. 

3. Denote A - End/? and A' - End/?'. From the assumption, we have that /?[-l] * R - 
R'[-l] * /?' by [Pal], which is denoted by £>. By Theorem 4.4, A-mod~ D/add/? and A' - 
modw £)/add/?'. Therefore A-mod/add/?' « £)/add(/? U /?') « A'-mod/add/?. Hence, indA 
is a finite set if and only if indD is a finite set. Thus A is of finite type if and only if A' is 
so. Moreover, by the proof in [Kr], A-mod is wild if and only if A'-mod is wild. Therefore, 
by tame-wild dichotomy, A and A' have the same representation type. 

□ 
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